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Abstract

In streaming environments, data arrive sequentially and key statistics must be updated
online. Traditional batch computation of means, variances, and regression coeflicients re-
quires repeated recomputation over the full dataset, leading to increasing computational
cost. This paper derives numerically stable recursive update formulas for the mean, variance,
and the centered cross-deviation terms underlying simple linear regression. By expressing
the ordinary least squares estimator entirely in terms of sufficient statistics, we show that
regression coefficients can be updated using only quantities available at step n-1 and the
newest observation. The resulting formulation reduces complexity, requires only constant
memory, and remains algebraically equivalent to batch OLS. These properties make recursive
methods particularly suitable for real-time analytics and large-scale streaming applications.



Part 1

Recursive Variance and Mean

1 Batch computation: mean and variance

1.1 Mean

The mean measures central tendency: the typical value of a dataset. For a dataset x =
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1.2 Variance

The variance measures the spread of data points around the mean:
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(Depending on context, the sample variance uses 1/(n — 1) instead of 1/n; we return to this
distinction later.)

1.3 Batch method

The batch approach is the most intuitive:

1. compute z using all datapoints,
2. compute s from Z,

3. if a new datapoint arrives, redo steps (1) and (2) on the enlarged dataset.

1.4 Limitations of batch processing

Batch computation works well when the dataset is fixed and of manageable size. However, it
becomes impractical in streaming contexts.

(1) Requires storing all data. All observations must be kept in memory to recompute
statistics, which becomes impossible when:

o the dataset is extremely large, or

o data arrive continuously (e.g. sensors, stock prices).
(2) High computational cost. Each new datapoint triggers recomputation of:

o the mean using all data,

e the variance using the mean.



Hence the cost grows with n, making real-time use impractical.

(3) Not suitable for real-time analytics. Batch methods do not update statistics instan-
taneously when a new datapoint arrives. Streaming scenarios (IoT devices, live dashboards,
monitoring systems) require fast, constant-time updates.

2 Conceptualizing recursive updates

When data arrive one-by-one, we do not want to recompute statistics from scratch each time.
Recursive formulas update quantities using only:

o the previous statistic,
e the new datapoint,

e a small, constant amount of computation.

This avoids storing past data and enables real-time updates.

3 Recursive mean

Let x,, denote the mean after observing n points. Then
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Combining these gives the standard streaming update:

_ (n—1)Zp_1 +xn _ Ty — Tp—1
ITn = =T+ —m.
n

4 A first (naive) approach to the recursive variance

4.1 Setup via sum of squared deviations

A convenient object is the sum of squared deviations (SSD later or S;,)

and from there we have: )
n—

Smc,nfl = Z(:L'z - i‘nfl)? (6)

i=1
Then the population variance is 02 = Syz /7, and the sample variance is s2 = Sy /(n — 1).

We split off the last term:
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4.2 Relating deviations around 7, and 7, ;

Fori<n-—1,
Ti— Tp = (xz - jn—l) + (i'n—l - jn) (8)

Plugging into (6) and expanding yields
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i=1
n—1 n—1
= (@i — Tne1)® + 2(Tn-1 — Tn) D _ (¥ — Tp—1) + (0 — 1)(Zn-1 — Tn)* + (T — Tn)”
i=1 i=1
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Now use the key identity
n—1
> (@i — Tp—1) =0, (10)
i=1

so the cross-term disappears and (9) reduces to

Szz,n = Ozx,n—1 + (TL - 1)(£n—1 - i'n)Z + (mn - jn)Q- (11)

4.3 Limitations of this approach

The derivation above is a solid first approach: it is correct and clarifies how the new mean affects
all previous deviations. It is also a natural point to discuss a practical pitfall: numerical stability.
The term (Z,,—1 —Z,) can be very small for large n, and implementations that repeatedly subtract
close quantities can suffer from catastrophic cancellation in floating-point arithmetic.

This motivates rewriting (11) into Welford’s stable one-pass form, which updates Sy, using
products of deviations rather than fragile differences of means.

5 Deriving the Welford identity

We have like in 4:

_ _ Ty — Tp—1
Tp = Tp—1 +

From 4.1 we have the sum of squared deviations (SSD):
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Now we relate x,, and z,,_1:
(Cci - fn) = (xz - jn—l) + (jn—l - fin) (5)

Replace (5) into (3) for the i =1,...,n — 1 part:
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= Pzxn—1 + 2(£'n—1 - jn)

+ (n = 1)(Tp1 — Zn)?

But 37~ 2; = (n — 1)Z,,_1, hence the bracket is 0 and the cross-term vanishes:

Sarxm = Pzz,n—1 + (n - ]-)(fn—l - fn)2 + (xn - jn)2' (7)
Let
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Substitute (9) into (7):
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= Pzx,n—1 + ﬁ(n - n) = Sxm,n—l + 5n n_ (10)
Finally, from (9),
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Combining (9) and (10) we get the Welford identity:
S:r:p,n = Ozz,n—1 + (xn - jnfl)(xn - i’n) . (12)
Then g g
o? = 228 and s =20 (n > 2),
n n—1



6 Recursive computation: algorithmic view

6.1 Pseudocode (2.4)

For sake of simplicity we will write £ =

# Welford one-pass mean / variance
n=20

mu = O

Sxx,n = 0

for x in stream:

n =n+1

d =x - mu
mu = mu + d/n
d2 = x - mu

Sxx,n = Sxx,n + d*xd2

# population variance: Sxx,n / n
# sample variance: Sxx,n / (n-1) if n>1



6.2 Flow diagram (2.4)
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Figure 1: Flow diagram of Welford’s recursive updates for mean and variance.



6.3 Manual Simulation (Batch / Non-recursive)

Example Data Stream: 5, 8, 6, 10, 7

Data Point Batch Mean z,, Batch Sample Variance s2

5.000 5.000 -
8.000 6.500 4.500
6.000 6.333 2.333
10.000 7.250 4.917
7.000 7.200 3.700

Table 1: Batch (non-recursive) recomputation of mean and sample variance at each step.

6.4 Manual Simulation

Example Data Stream: 5, 8, 6, 10, 7

Data Point Updated Mean Z,, Updated Variance s2

5.000 5.000 -
8.000 6.500 4.500
6.000 6.333 2.333
10.000 7.250 4.917
7.000 7.200 3.700
Table 2: Manual simulation of recursive mean and variance (sample variance s2 = Sy, ,,/(n—1)).



Part 11

Recursive Updates for Simple Linear
Regression

1 Recap and Motivation

We have
Ty — Typ—
Ty = Tp—1 + Zn T ol Mean
n
and
Seam = Sean—1+ (T — Tp_1)(xy — Tp) Sum of squared deviations
2 Sx:v,n .
= s, =—"" Sample variance
n—1
2 _ Swan . .
O =— " Population variance
Recall:
n n n
Szm,n = Z(-Tz - in)Qz Syy,n = Z(yz - gn>27 Smy,n = Z(fvz - i'n)(yz - gn)
i=1 i=1 i=1

Note that S;;, corresponds to the sum of squared deviations it can also be denoted M,, and
SSD.

Simple linear regression depends on sample mean, sum of squared deviations Sy, and sum of
cross-deviation Sy, .

If data arrives streaming (which mostly is the case when you use regression to predict), re-
calculating these costs time and processing power. Recursive updates allow to compute the new
statistics solely with the previous statistics and the new datapoint.

2 Simple Least Squares Linear Regression

2.1 Estimators of 6; and 6,

Model:
yi = 0o+ 012 + &

we have the residual sum of squares:

n n

RSS(00,01) = ZE? = Z(yz — 0y — O13;)?

We want RSS(0p,01) to be as small as possible. We choose 6y and #; to minimize RSS(6y, 61).
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From (2) we have:
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From (3) we have:
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so we can isolate 61

D Tl — Yn D1 Ti

= él n =
P n 2 - n .
T — T D i T

n o

D i1 TiYi — NTnY
n 2 =9
Dim1 T — Ty

S (XY — YnTi — TnYi + Tnin)
P (22— 2z,3 + T2)

) anl(xi - jn)(yl - gn) Sxy n
O1n = == — = ’ 4
b Z?:l(xi - xn)2 Szm,n ( )

Same as for the other statistics, the “batch method” requires to recompute Y ;" ; (i —Zn ) (Yi —Un)
and Y7 (x; — 7,)? at every step, thus is computationally heavy.

3 Recursive update for the estimators of 6, and 6,

3.1 Recursive cross-deviation term S, ,

From Part 1, we already have the recursive mean updates:

_ _ Ty — Ty _ 1)
Ty = Tp—1 + 77‘7”1 = Tn_1 + n7$7 (1)
n n
_ Yn — Yn—1 _ _ On,
yn:yn—l"f’u: n—1 1 ny7 (2)
where we define
5n,x =Ty — Tp-1, 5n,y = Yn — Yn—1-

Now define the cross-deviation sum

n

S:Dy,n = Z(wl - jn)(yz - gn)

=1

=Y (@i = Tn1)(¥i = In1) + (Fn-1 = Fn) D_ (@i — Tn-1)
i=1 =1
n—1

+ (-’fnfl - fn) Z(yz - anl) + (’I’L - 1)(jn71 - jn)(gnfl - gn)
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By definition of the sample means,

n—1 n—1

D (@i—Fn1)=0, > (yi—Gn1) =0,

i=1 i=1
so the two middle terms vanish. Hence,

Szy,n = Smy,n—l + (TL - 1)(En—1 - En)(gn—l - gn) + (xn - jn)(yn - yn)

Now substitute the mean updates:
6”773 — — 5”,:’,{

Tp1—Tpn=— ) Yn—1 —Yn = — )
n n

and note that

_ _ 0 1 n—1
Yn — Yn = Yn — (ynl + :;,y) = 5n,y (1 - > = 51%3/7‘

(o) (o) + (0057) (0007)
(5-237)
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Therefore,

S:cyn—Sxyn l+ TL—1

— Pzy,n— 1+5nx5

7y
— Pzyn— 1+5nm5 n,y

n —
:Sxyn 1+5n15 ny n

Finally, using y, — 4, = 6n7y”771, we obtain the clean form:

S:Ey,n = Szy,nfl + (:L‘n - i‘nfl)(yn - gn) -

(n—1)+ (n?>-2n+1)

Swyn = Sazyn—1+ (6n,z0ny)

n2
P — (6n,x6n,y>”2n§n
= Peyn-1 T (5”7‘”5"’?4)71(711;1)
= Seyn—1+ (5n,x5n,y)n7_1
And we have (2):
Ty — Fpy = 5n’mL_1 and Yn = Yn = 5"41”7_1
n n

_ n—1
= 5n,x(yn - yn) = 67%335”79 :

= S:):y,n = OSzyn—1+ (xn - :fnfl)(yn - gn)
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3.2 Recursive estimators

From 3.1 we have:
Sxy,n = Ozyn—1 + (xn - fn—l)(yn - gn) (1)

We also have from 1.5 (12), and from recall in 1:

Szx,n = Ozz,n—1 1 (mn - jnfl)(l'n - jn) (2)
From I1.2.1 (4) we have
A Sac n
9 — Y, . 3
! S:ca:,n ( )
Hence
N Sm n—1+ (xn - En—l)(yn - gn)
D2)3) = b= = )
(1)(2)(3) S o — T ) — )
él _ ?:_11 (‘TZ - jn_l)(yi - gn—l) + (LUn - CEn—l)(yn - gn)
n = — — — — .
?:11('%'1' - mn—l)2 + (xn - xn—l)(xn - xn)
Alternative: .
é Sxy,nfl + 5n,15n,y %
In — n
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4 Pseudocode

# Welford one-pass mean / variance

n=20
x~ =0
y=0
Sxx,n = 0
Sxy,n =0

for each new x,y:

n =n+1

dx = x - X~

dy =y - §

x~ = x~ + dx/n

y =§ +dy/n

dx2 = x - x°

dy2 =y - §

Sxx,n = Sxx,n + dx * dx2
Sxy,n = Sxy,n + dy * dy2
theta_le = Sxy,n / Sxx,n
theta_Oe = § - theta_le * x~

# Display the estimators

13



5 Flow diagram 2

( Initialise: )
n <+ 0
z <« 0
y <« 0
Szzm — 0
Seymn — 0
S J
¥
' 7
Read new data point (z,y)
S J
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¥
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dy <~ = — I
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¥
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Figure 2: Flow diagram of Welford’s recursive updates for estimators 6y and 6,
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6 Manual Simulation (Batch/Non-recursive)

8
<

W N =
Tt W N

Table 3: Example dataset for simple linear regression.

Step & Data point (z, yx) é{],k él,k

1 (1,2) - -
2 (2,3) 1 1
3 (3,5) i 3

Table 4: Manual simulation of batch OLS estimates after each additional observation.

n (l‘, y) x ?j sz,n Szy,n éOe éle
1 (1,2) 1 2 0 0 - —
2 (2,3) 15 25 0.5 0.5 1 1
3 35 2 R 2 3 L3

Table 5: Manual simulation of recursive updates for Z, ¥, Szzn, Szyn, @gynandél’n
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Part 111

Discussion

1 Limitations

The recursive formulation inherits the structural assumptions of classical ordinary least squares.
In particular, it assumes that the underlying regression coefficients are constant over time. If
the data-generating process shows structural breaks, regime changes, or gradual parameter drift
(e.g. flow regimes in fluid dynamics, or inflation in financial modelling), the estimator does not
adapt.

Although algebraically equivalent to the batch estimator, the recursive implementation operates
in finite-precision arithmetic. Because each update reuses previously stored quantities, small
rounding errors propagate through the recursion. Over very long data-streams, these errors
may accumulate.

Nonetheless, the recursive formulation remains numerically preferable to naive variance expres-
sions that involve subtracting large, nearly equal quantities.

2 Broader Implications

The derivation highlights that simple linear regression can be reduced to the maintenance of
centered sums Si;, and Syy,. Rather than viewing regression as entailing a repeated global
recomputation, it can be interpreted as updating of the statistics.

This conceptual shift connects classical statistical theory with modern streaming and online
learning paradigms. It illustrates how traditional estimators can be reformulated to meet the
computational constraints of real-time data environments without altering their statistical prop-
erties.

Conclusion

This paper derived recursive update formulas for the mean, variance, and cross-deviation terms
underlying simple linear regression. By expressing the OLS estimator entirely in terms of
centered sum, we showed that regression coefficients can be updated using only previously
stored statistics and the newest observation.

The resulting formulation achieves constant memory usage and constant computational com-
plexity while remaining algebraically identical to the batch estimator. These properties make
recursive regression particularly suitable for streaming data applications and large-scale com-
putational settings.

Future work could for example be to include a forgetting factor to make up for the piling up
errors in the recursive regression, or could extend the framework to other regressions, or robust
variants.
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